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1. INTRODUCTION

The investigations of the effects of mechanical
stresses on the magnetic properties of natural and arti-
ficial magnetic materials have a more than half-century
history. Thus, the results of an experimental study of
the dependence of the initial susceptibility and different
types of remanence on uniaxial stresses for igneous
rocks and oceanic basalts can be found in [1–4], and for
dolerites, in [5]. In [6–9], effects of mechanical loads
on the magnetic properties of ferrites have been stud-
ied. A number of experimental works have been
devoted to studying the effects of stress on the coercive
force, initial susceptibility, and remanence of ferromag-
netic steels [10–14].

This work is devoted to a theoretical investigation
of the influence of mechanical stresses 

 

σ

 

 on the sat-
uration remanence 

 

I

 

rs

 

, but first we briefly consider
the basic features of the experimental dependences
of 

 

I

 

rs

 

 on 

 

σ

 

.

At small compressive uniaxial stresses, the longitu-
dinal saturation remanence arising in a magnetic field 

 

H

 

parallel to the stresses 

 

σ

 

 decreases (and the transverse
one increases) linearly [10, 12, 13]:

 

(1)

 

where 

 

I

 

rs

 

 is the saturation remanence in the absence of

stresses; 

 

 = 

 

|

 

 – 

 

I

 

rs

 

|

 

/(

 

I

 

rs

 

σ

 

)

 

 and 

 

 = 

 

|

 

 – 

 

I

 

rs

 

|

 

/(

 

I

 

rs

 

σ

 

)

Irs

|| σ( ) Irs 1 βrs

|| σ–( ); Irs

⊥ σ( ) Irs 1 βrs

⊥ σ+( ),= =

βrs

||
Irs

|| βrs

⊥
Irs

⊥

 

are the rates of change in 

 

I

 

rs

 

(

 

σ

 

)

 

 arising due to stresses

parallel and perpendicular to the magnetic field, respec-

tively. For basalts, whose magnetic properties are deter-

mined by particles of oxidized titanomagnetites with

sizes on the order of single-domain particles, the values

of  and the ratio 

 

r

 

 = /

 

 are given in Table 1 [5].

Note that for the dolerites, whose matrix contains elon-

gated particles of magnetite, the values of  in prac-

tice differ by an order of magnitude from the appropri-

ate “basaltic” constants, while the ratio 

 

r

 

 differs only a

little from the “basaltic” ones (see Table 1).

With increasing uniaxial tensile stresses parallel to

the external magnetic field, the remanence of steels

reaches maximum and then decreases, approaching a

certain limit, while the uniaxial compression parallel to

the external field leads to a monotonic decrease in

remanence [10, 12, 13].

2. MAGNETIC STATES

OF A CRYSTALLOGRAPHICALLY UNIAXIAL 

NANOPARTICLE

The states of the magnetic moment of a crystallo-

graphically uniaxial nanoparticle can be determined by
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minimizing the free-energy density, which, if neglect-
ing thermal excitations, takes the form

 

(2)
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 are the tensors of uniaxial
crystallographic anisotropy, demagnetizing factors,
magnetostriction, and stresses, respectively (the
repeated indices imply summing up). Taking into

account that the tensors 

 

β

 

ik

 

 and  in their principal
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 can be written as
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 and 

 

α

 

 is the angle

between the axes 

 

x

 

 and 

 

x

 

'

 

. For a uniaxial crystal, the
magnetoelastic part of the free-energy density can be
converted to the form [15]
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where  are the four magnetostriction constants of a

uniaxial crystal and 
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. In two special cases

where the stresses are parallel to the plane (

 

k

 

A

 

, 

 

k

 

N

 

) con-

taining the  long axis of a grain of ellipsoidal shape

and the axis of crystallographic anisotropy (making an
angle 

 

β

 

 with the latter) (case 

 

‡

 

), and where the stresses
are perpendicular to the plane (

 

k

 

A

 

, 

 

k

 

N

 

) (case 

 

b

 

), the
expressions for the energy density can be written as fol-
lows.

In the case 

 

a

 

, we have

 

(6)

 

where 
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 and 
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 are the polar coordinates of the vector of
the spontaneous magnetization Is with the polar axis z
perpendicular to the plane (kA, kN); the angles ϕ are
measured from the axis of crystallographic anisotropy
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Table 1.  Magnetic characteristics of oceanic basalts (samples with titanomaghemites Fe3 − xTixO4, nos. 238, 572D, 470A,
556, and 495) and dolerites (samples with magnetite, nos. 9144, 4305), fragment of Table 1 borrowed from [5] (for explana-
tions, see the main text)

Characteristics
Sample 

238 572D 470A 556 495 9144 4305 

x 0.51 0.50 0.55 0.58 0.57 0 0 

Irs/Is 0.44 0.45 0.43 0.50 0.35 0.45 0.42 

, 10–9 Pa–1 2.76 2.21 4.58 2.52 3.70 0.65 0.68 

r = / 0.32 0.43 0.30 0.48 0.29 0.38 0.38
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(axis 〈kA〉); kA = β22 – β11 and kN =  –  are the

dimensionless constant of crystallographic anisotropy

and the constant  of the shape anisotropy, respectively,

which we assume to be positive 

(7)

(8)

(9)

(10)

The analysis of expression (6) for the extremum
shows that if the tensile or compressive stresses do not

exceed a certain value  determined from the equation

then at ϑ = π/2, ϕ = γ, and at ϑ = π/2, ϕ = π + γ the free
energy is minimum, while at ϑ = 0, it is maximum.
Thus, the “competition” of crystallographic anisotropy,
shape anisotropy, and stresses leads to a uniaxial anisot-
ropy with an effective anisotropy constant K and an
effective axis oriented at an angle γ to the axis of the
crystallographic anisotropy, along which the equilib-
rium magnetic moment of the nanoparticle becomes
oriented.

The compressive stresses |σ| >  “push out” the

magnetic moment of the nanoparticle from the plane
(kA, kN), which becomes oriented perpendicular to it.

In the case b,

(11)

(12)

(13)

At any compressive stresses or at tensile stresses |σ| <
, where  is a solution to the equation K( ) + kN +

kA + 2(  + )  = 0, the magnetic moment of a
nanoparticle in the equilibrium states is oriented along
the effective axis (ϑ = π/2, ϕ = γ and ϑ = π/2, ϕ = π + γ),
which makes an angle γ with the axis of crystallo-

graphic anisotropy. The value of the effective anisot-
ropy constant and the position of the effective axis in
this case are determined by relationships (12), (13). Just

as in the preceding case, the tensile stresses (|σ| > )

push the magnetic moment of the nanoparticle out from
the plane (kA, kN), orienting it along the axis that
becomes preferred due to the presence of stresses.

In an external magnetic field FH = –(H, Is), the mag-
netic states of the nanoparticle are similar to the states
of a uniaxial crystal with the following features:

1. If any tensile (or compressive) |σ| <  stresses
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critical field required for an irreversible rotation of the
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mined by the effective anisotropy constant K (see rela-
tionships (7), (12), respectively): H0 = KIs.

Here,  and  are the solutions to the equations

2. At |σ| >  (|σ| > ), the irreversible change in
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external field H reaches a critical value H0
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field becomes minimum (H0 min = kNIssin2α at kA –

 = –kNcos2α.

3. MAGNETIC STATES 
OF A CRYSTALLOGRAPHICALLY MULTIAXIAL 

NANOPARTICLE

In the case where the uniaxial stresses σ are parallel
to the plane of (kA, kN), the equilibrium states of the
magnetic moment of the nanoparticle whose crystal
structure is cubic can be determined by minimizing the
sum of densities of the magnetoelastic, magnetostatic,
magnetocrystalline, and Zeeman free energies

(14)

where ϑ and ϕ are the polar coordinates of the vector of
spontaneous magnetization Is reckoned from the axes

〈001〉 and 〈100〉, respectively;  = λ100/ ;  =

λ111/ ; λ100 and λ111 are the magnetostriction con-

stants; β is the angle between the axis 〈100〉 and the
direction of mechanical stresses (applied parallel to the
plane (100)); and α is the angle between the axis 〈100〉
and the long axis of the ellipsoid, which is located in the
plane (100).

If stresses are perpendicular to this plane (σ ⊥ (kA,

kN)), then

(15)

The minimization of free energies (14), (15) leads to
the following result: at all values of α, β, σ, kA, and kN

which satisfy the condition

(16)
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the condition
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at σ perpendicular to the plane (100), the nanoparticle
is magnetically uniaxial.
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gation of nanoparticles. Thus, if the ratio of the major
semiaxis to the minor semiaxis is q = 1.1–1.2, the
shape-anisotropy constant is kN ≈ 0.6–0.9,  whereas,
e.g., kA ≈ 0.16 for iron, 0.2 for nickel, and 0.59 for mag-
netite. Thus, to analyze the magnetic states of nanopar-
ticles we can use the results of the preceding section,
i.e., to represent the expression for the free energy in
the following form:

(18)

where at kA > 0 the effective anisotropy constant K and
the angle γ (which determines the position of the effec-
tive axis relative to the axis of 〈kA〉 (parallel to 〈100〉))
are determined, depending on the mutual orientation of
mechanical stresses, by relationships (20)–(25).

If kA < 0, then the axis of crystallographic anisotropy
〈kA〉 is the 〈111〉 axis. Therefore, for the analysis of
states of the magnetic moment of a particle it is more
convenient to use expression (18) after replacing ϑ and
ϕ in it by Θ and Φ (the angles which determine the
position of the magnetic moment of the particle relative
to axis 〈111〉). These coordinates are connected as fol-
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Φ + π/4 (  = ,  = π/4 are the coordinates
of the 〈111〉 axis relative to 〈001〉). In this case, just as
in [16], the expression for the free-energy density can
be reduced to the form
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where

(23)

In the second case (mechanical stresses are applied
perpendicular to the plane containing the 〈kA〉 axis and
the long axis of the ellipsoid), we obtain

(24)

(25)

In the absence of a magnetic field, the equilibrium
positions of the magnetic moment of the grain at kA > 0
coincide with the position of the effective axis: ϑ = π/2,
ϕ = γ, and ϑ = π/2, ϕ = π + γ. These states have identical

free energies F = F( ) – (  + kN + kA + K)/4.

The equilibrium states of the magnetic moment
(effective axis) of the particle relative to the 〈111〉 axis

are determined in a similar way at kA < 0 :  = γ,  =

π/4 and  ≈ π + γ,  = π/4. The maximum critical field
of the irreversible change in the magnetic moment of
the grain H0 can be determined by minimizing expres-
sions (18), (19).

In the first case (σ || H), this field is equal to

(26)

in the second case (σ ⊥ H), we have
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A specific feature of relationships (26), (27) is the
nonmonotonic dependence of H0 on the shape anisot-
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gation, the spectrum of critical fields should apparently
be distributed from H0 min to H0 max = Is(kA + kN). In view
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, the dependence of 
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 on mechan-
ical stresses is also nonmonotonic with respect to 
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4. SATURATION REMANENCE

Model:

1. We consider an ensemble of N single-domain
noninteracting magnetic nanoparticles, which have the
form of prolate ellipsoids of rotation, embedded in a
nonmagnetic matrix.

2. The axis that becomes preferred due to the effect
of crystallographic anisotropy (axis 〈kA〉) makes an
angle α with the major axis of the ellipsoid.

3. The uniaxial mechanical stresses σ make an angle
β with the axis 〈kA〉 if they are applied in the plane (kA,

kN) which includes the major axis of the ellipsoid and
the axis 〈kA〉, or if stresses σ are perpendicular to this
plane.

For the evaluation of the effect of mechanical
stresses σ on the residual saturation magnetization Irs,
we will use the above-described model of single-
domain particles whose axes of crystallographic anisot-
ropy will be considered to be parallel to the major axes
of the ellipsoids. According to (8) and (21), the position
of the effective axis relative to the axis of crystallo-
graphic anisotropy 〈kA〉 will be determined by the fol-
lowing relationship:

(28)

where the positive values of σ correspond to tensile
stresses, and the negative values, to compressive
stresses:

(29)

Here, the upper line gives the constants of a uniaxial
crystal, and the lower line, of a multiaxial crystal.

If θ and ϕ are the polar coordinates of the vector of
spontaneous magnetization Is relative to the vector of
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uration magnetization on the direction of l can be deter-
mined as follows:
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Here, m = Isν; Is and ν are the magnetic moment and the

volume of the particle; c is the volume concentration of
particles; p (θ, ϕ) is the angle between the vector l and
the magnetic moment of the particle; and F(θ, ϕ) is the
distribution function of magnetic moments relative to
the magnetic field H.

Assuming the chaotic distribution over β – f(β) =
sinβ/4π, the distribution function F(θ, ϕ) can be con-

structed as follows: F(θ, ϕ) = f(β(θ), α(ϕ))|dβ/dθ|dα/dϕ,
where α = ϕ, and β = β(θ) is expressed from relation-
ship (31)
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 
 
  1–

.= =

Thus, the longitudinal saturation  remanence is

(33)

Analogously, it is possible to calculate the trans-
verse magnetization:

(34)

Irs

||
cIs Ψ θ( ) β θ( ) θ( )cossin θ.d

0

π/2

∫=

Irs

⊥ cIs

2π
------- dϕ̃ Ψ θ( ) β θ( ) θ̃cossin θ̃,d

0

π/2

∫
0

2π

∫=

where  and  are the polar and azimuthal coordi-

nates of the effective axis relative to the direction l,

which are connected with θ as follows:

cosθ = .

When integrating relationships (33), (34), it is nec-

essary to consider the ambiguity of the β(θ) dependence

at |σ| > (|kA| + kN)/  (Fig. 1). If σ > (|kA| + kN)/ , the

integration should be conducted in the limits (0, β1), (β1,

βb), (βb, π/2); for σ < –(|kA| + kN)/Λ1, in the limits (0, βb),

(βb, β1), (β1, π/2), where

θ̃ ϕ̃

θ̃ ϕ̃cossin

Λ1 Λ1

15
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4

Fig. 1. The θ(β) dependence at kN = 0 for magnetite parti-
cles: (1) σ = –109 Pa; (2) –5 × 107 Pa; (3) 5 × 107 Pa; and
(4) 109 Pa.
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Fig. 2. Dependence of  of the ensemble of single-

domain particles of steel on the magnitude of stresses for
different values of the shape anisotropy.
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βb

π
2
---

1

2
---

kA kN+

Λ1σ
--------------------;arccos–=

β1

π
2
---

1

2
---

2A– 2Λ1 Λ2–( ) kA kN+( )+

2 Λ1

2 Λ2

2
–( )σ

----------------------------------------------------------------------;arccos–=

A Λ2 Λ1 Λ2–( )2 Λ1 Λ2+( )σ2
kA kN+( ) 5

4
---Λ2 Λ1– 

 + .=

In the approximation Λ1σ, Λ2σ � (|kA| + kN)Is, rela-
tionship (33), (34) can be reduced to the form

(35)

(36)

Relationships (33), (34) determine the theoretical
dependence of the saturation remanence on stresses,
which is displayed in Figs. 2 and 3.

5. DISCUSSION

The increase in the saturation remanence  and the

decrease in  with increasing compressive stresses are

connected with the dependence of the orientation of the
effective axis on σ. According to (28), the compressive
stresses parallel to the magnetic field H increase the

Irs

|| cIs

2
------- 1

Λ2σ
2k

----------+ ,=

Irs

⊥ cIs

2
------- 1

Λ2σ
4k

----------– .=

Irs

⊥

Irs

||

angle between H and the effective axis, which leads to
a decrease in the projection of the magnetic moment on

the field direction and, therefore, to a decrease in  as

well. Correspondingly, the compressive stresses per-
pendicular to the field decrease the angle between the
effective axis and the field, which must lead to the fol-

lowing relationship between the magnetizations:  <

, which is indeed observed experimentally upon

compression.

According to (35), (36), in the region of small
stresses (Λ1σ, Λ2σ � k), an increase in the compression

leads to a linear increase in  (decrease in ) relative

to σ; moreover, the rate of change in the longitudinal

saturation remanence  = Λ2/(2(|kA| + kN)), being

twice the rate  = Λ2/(4(|kA| + kN)) of change in the

transverse remanence, depends on the relationship
between the magnetostriction constants, crystallo-
graphic anisotropy, and shape anisotropy, which
agree well with the results of the theoretical studies
[17].

Let us compare the experimental values of  for

steels with the theoretical ones. According to [10], for a

mild steel we have  = 2 × 10–9 Pa–1; for a structural

steel [12], it is lower by almost an order of magnitude
and, depending on the temperature of annealing, takes

on the following values:  = (0.3–0.6) × 10–9 Pa–1.

The calculation of the rate of change in  carried out

for the nanoparticles of steel shows that, depending on
the elongation of the nanoparticle (almost spherical

(kN = kA) or infinitely elongated (kN = 4π) –  takes on

values in the limits from 0.3 × 10–9 to 0.06 × 10–9 Pa–1.

When calculating , we used the experimental fact of

the positivity of the magnetostriction constants of steels
[18–20], which made it possible to assume that λ100 ≈
λ111 = 20 × 10–6. The constants of crystallographic

anisotropy and saturation magnetization were taken
equal to the appropriate constants of iron, i.e., kA = 0.16,

Is = 1710 kA/m [21].
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Fig. 3. Dependence of  of the ensemble of single-

domain particles of steel on the magnitude of stresses for
different values of the shape anisotropy.
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Note also that the rate of change in (σ) calculated

for the system of very elongated (kN = 6) particles of

Fe2.44Ti0.56O4 (  = 4 × 10–9 Pa–1) only insignificantly

differs from the experimental values of  for close-in-

composition titanomaghemite-containing basalts (see
Table 1). The same conclusions can be referred also to
magnetite-containing dolerites (see Table 1), for which,
depending on the elongation of particles (kN = kA or kN =

4π), the calculated values of ( , ,

respectively, see Table 2) differ by more than an order
of magnitude.

As was noted above, it follows from relationships

(35), (36) that  must be twice as large as . This

relationship is in accordance with the results of experi-
ment [5]. If we assume the equality Irs/Is = 0.5 as the cri-
terion of single-domain structure, then particles embed-
ded in the basaltic sample no. 556 can be referred to

single-domain ones. For this sample, r = /  = 0.48

(see Table 1).

With increasing tensile stresses (see Fig. 2), the lon-

gitudinal saturation remanence  increases, reaching

a maximum value  > 0.5cIs at σm = (|kA| + kN)/

and then monotonically decreases to  �

0.31cIs. Such a behavior of  is determined by the

dependence of the position of the effective axis on the
stress (see (28)). At σ  σm, the effective axes of par-
ticles with 0 < β < π/4 are oriented at an angle γ < β to
the field H, and of the axes of particles with π/4 < β <
π/2, at an angle of γ  π/4:  reaches maximum. A

further increase in the stress will lead to an increase in
the angle γ (γ > β) for the particles with π/4 < β < π/2,
which corresponds to a decrease in the projection of

magnetization and , respectively.

Irs

||

βrs

||

βrs

||

βrs

|| βrs min

|| βrs max

||

βrs

|| βrs

⊥

βrs

⊥ βrs

||

Irs

||

Irs max

|| λ̃1

Irs

||
σ +∞→

Irs

||

Irs

||

Irs

||

The decrease in  upon compression is determined

by an increase in the deviation of the effective axes of
all particles relative to the field H. For this very reason

 < .

The transverse saturation remanence , in contrast

to , is measured in the direction perpendicular to σ;

therefore, an increase in the deviation of the effective
axis caused by tensile stresses leads to a decrease in the
projection of the magnetic moment on the field direc-

tion. The presence of a minimum in the  = (σ)

curve is caused by above-described effect of orientation
of the effective axes of all particles with π/4 < β < π/2
at an angle γ = π/4 at σ  σm.

The absence of the dependence of the saturation

remanences  and  on the total anisotropy is con-

nected with the fact that the orientation of the effective
axes are independent of this anisotropy at σ � σm:

according to (28),  = .

This theoretical dependence of the saturation rema-
nence on the stresses does not qualitatively contradict

the results of the experimental studies of  of soft [10,

14] and structural steels [12, 13].
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